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Els Paper took its riſe from the fol- 
lowing Quære. — 4 @ is allowed on 
all hands to be poſſible quantity, why then 
ſhould its root be impoſſible?” This neceſſa- 
rily leads to a philoſophical diſquiſition on the 
diſtinct natures of real and imaginary quan- 
tity; and it is preſumed that — a 4, in the 
algebraical meaning of the expreſſion, is de- 
monſtrated to be itſelf in the number of ima- 
ginary or impoſſible quantities, of which there 
are innumerable gradations ; and that one 
root, whether it be ſquare, cube, biquadrate, 
&c. of every real quantity is real, whilſt eve- 
ry root of every imaginary quantity is imagi- 
nary. As it has been objected to Mathema- 
ticians, that they have not underſtood the 
principles of the art which they have pro- 
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PREFACE. 1 
- feſſed to treat of, it is of ſome conſequence to ; 


explain what ſeems to carry the air of a myſ- 
tery in it; as it will ſerve, if the following 
obſervations on the ſubje& are juſt, to cor- 
rect ſome inaccurate expreſſions to be met 
with in books of Algebra; tho' it is ac- 
knowledged the practice will not be affected 


by it. 
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| LGEBRA is the art of reaſoning on 
quantity and its qualities; by means of 
certain ſigns, which inſtead of ordinary lan- 
guage, expreſs the operations of the mind. 
For the right underſtanding theſe ſigns there- 
fore, nothing more is requiſite, than a due 
attention to that ordinary language, the uſe 
of which they are intended to ſupply. 


The quality of real * is the mode of 
its exiſtence, 


All quantity may be conſidered as exiſting 
either abſolutely, or in a certain nde; and as 
the mind has a power of contemplating ei- 
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ther of theſe exiſtences, and of reaſoning con- 
cerning them, the ſigns of Algebra, which 
are ſubſtituted in the place of ordinary lan- 
guage, may certainly be made uſe of to ex- 


preſs this reaſoning in either view. 


8 


Firſt, Suppoſe that a velocity, without re- 1 


gard to the mode of its direction, is expreſſed 
by the quantity + 4; this not only expreſſes 
its quantity, but alſo, expreſſes it as exiſting ; 
and-it-is this exiſtence. of (a) as a meaſure of 
velocity, that is here underſtood by its abſo- 
Jute exiſtence, as being ſuch a meaſure. Suppoſe 
this velocity to be deſtroyed ; this, in common 
language, is, (a) is deſtroyed, and in the lan- 
guage of Algebra is — 3. It is the ſame in- 
dividual object which is concerned in the two 
expreſſions + 4, and — a; but conſidered in 
the contrary circumſtances: of being and not 
being; and the expreſſion — a, when ſet in 
appoſition with ＋ 4, is merely a declaration 
that the affirmed exiſtence of a is now deſtroy- 
ed; and-— 8 itſelf, when conſidered as quan- 
tity diſtin& from +, is the quantity 4 de- 
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clared to be deſtroyed. It has indeed a far- 


ther meaning, but it is ſuch as is not neceſſa- 
ry to be conſidered in this place. If it ſnould 


be ſaid, that a velocity of four times the quan- 
tity of @ is in being, the algebraic expreſſion 
for this is 4 into a; and if a velocity of four 
times the quantity of 4 is deſtroyed, the ex- 
preſſion for this is 4 into — 4; i. e. 4 into a; 
and as the deſtruction of à is declared; —, 
the ſign of that deſtruction, 1s prefixed to the 
product. If it ſhould be ſaid, that the de- 


- ſtruction of four times a, which was before 


declared, is all a miſtake; the expreſſion for 
this 1s — 4 into — a; i. e, 4 into a; and, as 
the deſtruction is denied, +, the mark of exiſt» 
ence, is prefixed to the product. 


From the premiſes it is concluded; firſt, That 
in this ſyſtem of being A affirms the exiſtence 
of thoſe quantities to which it 1s prefixed, and 


 — denies their exiſtence. Secondly, when 


a quantity to which -+ is prefixed, is multi- 

plied by another quantity to which the ſame 

ſign is prefixed, that the exiſtence of the pro- 
| A2 duck 
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Aust is then affirmed; but when it is cules. 


plied by a quantity to which — is prefixed, 
that the exiſtence of the product is denied, 


Thirdly, that when, two quantities, 'which 
have each the ſign — prefixed, are multiplied 
together, the exiſtence of the product is then 
affirmed. Fourthly, that — @ being the quan- 


tity @ denied to exiſt ; if # be any odd num 


ber, and the z root of 4 be taken, and that 
root be õ; then þ denied to exiſt is the x root 
of @denied to exiſt; but if be an even num- 
ber, the » root of — à is not then aſſignablo 
in the terms of quantity, either intirely affir- 


mative, or intirely negative. Fifthly, that 
. as a meaſure of a velocity, is quantity . 


without real exiſtence. In another view, it 


has certainly ſuch exiſtence, but this is not 


attended to at preſent. The mind for its con- 
venience gives it an imaginary reality in this 
ſyſtem; and whilſt it is conſidered as what 
in truth it is, it may, like any other 1 imaginary 
e be ſo far looked upon as pollible, | 


9 Secondly, Let now + a expreſs the quan- 


tity 
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tity of a velocity in ſome certain mode of di- 
reftion ,£—< as AB, affirming 

its exiſtence in this direction. This exiſtence ' 

of a as a meaſure of velocity, is what is here 
underſtood by its modal exiſtence, as being ſuch 
a meaſure. Suppoſe this velocity to be deſtroy- 
ed; the algebraic expreſſion for this is — à, 
the ſign prefixed denying its exiſtence in the 
ſame direction. Hence — 4, conſidered as 
real in this ſyſtem, is imaginary quantity; and 
for the ſame reaſon as — 4, in the preceding 
ſyſtem ; and neither the one nor the other ex- 
preſſes quantity of velocity in a contrary di- 
rection, the abſolute being of (a) as a mea- 
ſure of real velocity, being in both caſes de- 


nied. 


Thirdly, Let now the loft velocity be re- 
ſtored, but in the contrary direction AC. The 
expreſſion for this is — a; (any real velocity 
of the ſame quantity, in the direction AB, 
being till ſuppoſed to be expreſſed by ＋ a) 
and now the very ſame quantity, which is de- 
_ to exiſt as a meaſyre of yelocity in the 

ſyſtem 


MC] 
ſyſtem A B, has a real exiſtence, as being ſuch 


a meaſure, in another modal ſyſtem AC; for 


now the figns reciprocate: - In the ſyſtem AB 
+ affirms and — denies; in the ſyſtem 4C, 
— affirms and denies the exiſtence of quan- 
tity. Here à into — 4, and + a into + a, 
make each — aa, affirming the exiſtence of 
quantity; and + @ into — à is ＋ 44, deny- 
ing its exiſtence in the ſyſtem-AC, but affirm- 
ing it in the ſyſtem 4B. But tho' — thus 
denies the exiſtence of quantity in one ſyſtem, 
and affirms it in another, yet excepting this 
complex declaration, which is chiefly to be 

ſeen in the conſtruction of a locus, or the an- 
ſwer to a problem, it is only the former of 
the two meanings which is attended to in an 
algebraic proceſs. Hence a negative quantity 
with its ſeveral roots, which when viewed in 
one ſyſtem are all imaginary, are all real when 
viewed in another ſyſtem. As the negation 


of quantity in one ſyſtem is intirely conſiſtent 


with the affirmation of its exiſtence in ano- 
ther, and is correſpondent with it, the faci- 
lity in extracting thoſe roots of negative quan. 

| tities, 
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tities, which are denominated by odd n. num- 
bers; is eaſily aceounted for. In the ſyſtem 
AB, the cube root of — 4 is — a, where — 
denies exiſtence; and in the ſyſtem AC, the 
cube root of — @* is — a, where the ſame ſign 
affirms exiſtence. Here the laws of the two 


ſyſtems meet in correſpondence, producing 


conſiſtent effects neceſſarily connected with 
each other. This correſpondence is Iikewiſe 
eaſily exemplified in the inſtance of the.cubi- 
cal parabola. A ſimilar correſpondence is ob- 
ſervable, when the even roots of poſitive quan- 
tities are extracted. Let the ſquare of an or- 


dinate in any circle be ＋ aa, the ſide of this 


ſquare, in the algebraic expreſſion,'is +a or 
— 2, i. e. (a) denied to exiſt in the ſame di- 
rection with ＋ a, which negation is neceſſa- 
rily connected with its real exiſtence in a con- 
trary direction; and here the ſign is changed 
from negative to affirmative, as is eaſy to be 
ſeen. In the ſyſtem AC, — aa is real, and its 
root — à is real; for one root af every real 
quantity is and muſt be poſſible. By real 
quantity is here meant ſuch as is conceived tg 

| have 
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bove real exiflence, and is employed to expreſs af (. 
jetts in their real exiſting late. Theſe obſer- 
vations will ſhew in what ſenſe we are to un- 
derſtand ſuch expreſſions as this, that = aa 
is real, but its root 1maginary two oppoſite Il 
ſyſtems are here plainly alluded to. 


In the ſeries 5 ++ c — 4, the firſt quantity 
having no ſign prefixed, has + underſtood 
before it to mark its nature; and the ſame 
fign prefix'd to the ſecond, both marks its na- 
ture, and directs its application. The nega- 
tive ſign prefix'd-to the third, marks the na- 
ture of it negatively, and directs to ſubtract 
an affirmative quantity ; but if the whole ex- 
preſſion — 4 be conſidered as quantity, it has Wl 
A underſtood before it, to give it an imagi- | A 
nary exiſtence in the ſame ſyſtem with + I, 
and to connect it with other parts of the fyſ- 
tem. By the imaginary exiſtence of quanti- ; 
ty as oppoſed to real, is meant fuch as, being Wl 
ho! exiftence\ in nature, is p u _ na 
ture, 0 . SN cath , 9 
*. vid + 
V7 As 
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As + — a expreſſes poſſible quantity in the 
ſenſe of its being imaginary, ſo — — @ ex. 
preſſes impoſſible quantity in the ſame ſenſe, 
or, what is the ſame in effect, it expreſſes poſe 
ſible real quantity. As the ſquare root of 
— 2 2 is neither intirely affirmative, nor in- 
tirely negative, it muſt have the abſurdity of 
partaking at once of both theſe natures in the 
fame ſyſtem. As Algebra has no ſingle ſign 
for the purpoſe, let the arbitrary mark 
expreſs this compound meaning; then * 4 
is the root of — a a, & + underſtood before 
it gives it an imaginary reality. In the ex- 
preſſion — =+ 4, the force of the negative ſign 
changes all that is negative in == @ into affir- 
mative; and at the ſame time all that is affir- 
mative into negative; by which means the 
quantity preſerves a mixt nature, and is im- 
Poſſible, tho' it is oppoſite to + = 4. This 
obſervation gxtends to the even roots of ne- 
gative quantities ad infinitum. As — @ is 
imagined to 'be real, for the purpoſe of de- 
ſtroying ＋ 4, ſon ais imagined to be real, 
uy to be I by its oppaſite, and 
© partly, 


[wo] 
partly, after it is multiplied by quantity. of a 
mixt nature, to make a product of ſuch kind, 
as, being added to real quantity, may either 
increaſe or diminiſh it, according as the quan- 
tity to be added is real or imaginary. There 
is this difference between the expreſſions — 4 
& =þ az the former is the name of quantity 
both real and imaginary ; the latter of imagi- 
nary only, | 
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Thus far two ſorts of 1 imaginary quantity 
have been conſidered: but there are innume- 
rable ſorts which deviate more and more from 
real quantity, as appears by extracting the 
ſquare root of — @ in continuance ad infini- 


tum. For in the ſeveral expreſſions — 4, 


EA, a, ne Hes —a, &c. the greater the i in- 4 3 
dex of the root to be extracted is, the more 7 
the root, when ſuppoſed to be extracted, 1s J 
removed from reality. For when the bi- 
quadrate root of — à is extracted, this root 
requires more continued multphcations of it- 
ſelf into unit to produce real quantity, than 
the 2 of — a; and this again re- 

quires 


1 
quires mare continued multiplications to pro- 
duce real quantity than — 4 itſelf. Hence 


2 thy ſeveral expreſſions — 4. V 4, l =, 


ATE a, &c, may not improperly be ſaid to be 
of the firſt, ſecond, third, &c. ſort; order, or 
degree of imaginary quantity, 
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When — 8 expreſſes real quantity, the ſign 
prefixed is affirmative in its meaning, and 
ſhews the quantity to be of an oppoſite qua- 
ty from + 4. For tho' the ſum of theſe 
quantities, thus conſidered, is really 2 4, part 
being of one quality, and part of another, yet 
the different ſigns give notice, that they are 
oppoſite to each other, in fome intended eſtimation; 
and-that the real quantity — @ 1s not to be | 
added to, but ſubtracted from the real quan- 
tity + 4, to effect the intended purpoſe. If 
the real quantity + a be greater than the 
real quantity, — b, which is propoſed to be 
ſubtracted from it, the proceſs is practicable 
by the eſtabliſhed rule of nature; but if it is 
01 the proceſs 1 1s impracticable by yt rule; 
32 but 
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but the mind, for its convenience, imagines 
ſuch ſubtraction poſſible, expreſſing the ima- 9 ; 

ginary remainder, in this caſe, by a quantity 2 
under no circumſtance of real exiſtence, but | 


| 
| 
„ 
9 
1. 


which the mind ſtill conſiders as exiſting : it 
is therefore impoſſible. For quantity may be 
truly ſaid to be impoſſible, when ſomething | 1 


impoſſible is ſuppoſed to be involved in the | J , 
expreſſion of it. As it is impoffible, that any 
quantity ſhould have real exiſtence, which is 
diveſted of its reality; ſo — @, which is an 
expreſſion of quantity ſuppoſed to be thus di- 
veſted, conſidered as real, is impoſſible. As 
it is impoſlible to find a real quantity, which 
multiplied into itſelf ſhall make — @ 4; fo 
== @, which multiplied into itſelf, is ſuppoſed 
to make ſuch a product, is 1 real 
* 


In this doctrine, when it is ſaid that - — 4 


3 into — 6, or that + AAR aa into * —=8b, 
makes a product or rectangle, which is ex- 

preſſed by + @ 6, it is not meant, that any 

JH parallelogram can have real /exiſts 
ence 
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ence without real ſides to contain it ; but that 
if one of the real ſides of a real rectangle, the 
contents of which are + a 5, be expreſs'd by 
the imaginary quantity — a; an adjacent fide 
of the fame rectangle muſt be exprefs'&by 
— þ; or if one of che real ſides, &c. an. ä 


preſs d by + +  =as 5500s an 1 fide muſt 
be per by — v —656. 


The following candy} 1s applicable to the 
firſt of the three caſes propoſed, The veloct- 
ties of three bodies moving in various direc: 
tions, none of which are in any wiſe contrary 
to each other, are in continued proportion: 
The ſam of the firſt and ſecond is 10, and 
the difference of the ſecond and third is 24. 
What are the velocities? The anſwer is 2, 8; 
32; or 25, — 15, 9. The former numbers 
only are the true anſwer, the latter contains 
ing an imaginary. quantity, which is indeed 
neceſſarily connected with real quantity in an 
abſtracted ſenſe (for ſuch is — 15 at preſent 
when it is real); but has no connection with 
. real 


14 ] 
real quantity as a meaſure of real velocity. 
If all the bodies be ſuppoſed to move in one 

and the ſame direction, the example thus al- 
tered will ſuit the ſecond caſe; and the an- 
ſwer will be the ſame. Suppoſe now, that 
two of the bodies are moving in the direction 
AB, and the third in the direction 40; if 
the two velocities in the direction AZB be call. 3 
ed + x & + y, that in the direction AC may 
be called — 2, where the ſign is affirmative; Wi 
and the example is made to ſuit the third caſe. 
To accommodate this to algebraical purpoſes; 

as that which has a; poſitive exiſtence in the 
direction AC may be ſuppoſed to have a ne- 

gative exiſtence in the direction A B; in this 

ſenſe 2 is negative, and the three velocities 

are all eſtimated in one direction. The pro- 

per anſwer to the queſtion thus conſidered is 

25, — 15, 93 where the imaginary quantity 
- 15 is immediately connected with real 
quantity, as a meaſure of eee in a dif. 

ferent — | 
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e the money which 4 hor be called + 4 
and 
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and all the money . owes be called — 6, both 


theſe quantities are alike real, becauſe the 
ſigns in both caſes are affirmative; and, in 
aſcertaining what 4 is worth, they are alſo of 
oppoſite qualities to each other, becauſe the 
real quantity — 5 muſt be ſubtracted from the 
real quantity + @ for this purpoſe. But if 
— 3, inſtead of being conſidered as a real fum 
of money which A owes, be underſtood to 
mean a ſum of money which A has, over and 
above the real quantity + 4 (in which light 
it is viewed in Algebra); it then ſignifies a 
a quantity which, having no reality in nature, 
is imagined to be real for a due eſtimation of 


| A's property. 


Let two equal forces, in contrary direc- 
tions, be ſuppoſed to act at once upon a body 
at reſt, in the point A, in the line CB, If 
the force in the direction A be conſidered 
as in real exiſtence, it may be expreſſed by the 
quantity ＋ 42. The body by means of this 
force only would move in the direction AB, 
and no real additional quantity of force in the 
| ſame 


„ . 16 } | 
Ame direction could prevent its motion; con- 
4 ſequently any additional quantity of ook 

ſuppoſed to be exerted in this direction fuffi- 
cient to prevent all motion, muſt be i imagi- 
"op or impoſſible. If the real farce in the 
direction A Cbe called — 4, the ſign wall be 
then affitmative; but if this force be conſi- 
dered as abſtracted from reality, and eſti: 
| Hated as to its effects in the direction A B, 
then — 21s negative, and expreſſes an ima- 
ginary quantity of force acting in the direc- 
tion AB, which, in reſpe& of ++ 4, is quan- 
tity leſs than nothing, and therefore impoſſi - 
ble. When two real quantities are ſuch as 
are oppoſite to each other in their effet, it 
is uſual, in Algebra, to ſubſtitute an imagina- 
* quantity in the place of one of them; and 
when the proceſs is finiſhed (if the nature of 
* propoſed queſtion will admit of it), to con- 
| Hder the anſwer, if negative in its eſtimation, 


